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This paper uses asymptotic analysis within the generalized acoustic analogy formulation (Goldstein 2003 JFM 488, 315-333. (doi:10.1017/S00221 12003004890)) to develop a noise prediction model for the peak sound of axisymmetric round jets at subsonic acoustic Mach numbers (Ma). The analogy shows that the exact formula for the acoustic pressure is given by a convolution product of a propagator tensor (determined by the vector Green's function of the adjoint linearized Euler equations for a given jet mean flow) and a generalized source term representing the jet turbulence field. Using a low-frequency/small spread rate asymptotic expansion of the propagator, mean flow non-parallelism enters the lowest order Green's function solution via the streamwise component of the mean flow advection vector in a hyperbolic partial differential equation. We then address the predictive capability of the solution to this partial differential equation when used in the analogy through first-of-its-kind numerical calculations when an experimentally verified model of the turbulence source structure is used together with Reynoldsaveraged Navier-Stokes solutions for the jet mean flow. Our noise predictions show a reasonable level of accuracy in the peak noise direction at Ma = 0.9, for Strouhal numbers up to about 0.6, and at Ma = 0.5 using modified source coefficients. Possible reasons for this are discussed. Moreover, the prediction range can be extended beyond unity Strouhal number by
Introduction
New interest has emerged in jet noise modelling in the last decade after numerical simulations of jet turbulence provided some evidence that the well-known idea of 'wave packet'-like structures [1] possibly embedded in the jet appear to play a direct role in low-frequency sound radiation [2] . This was discussed in several recent review papers, for example, by Lele & Nichols [3, (p. 4-5) ], Suzuki [4] and Jordan & Colonius [5] and the references cited therein. Our focus here, however, is on the alternative, acoustic analogy approach. In particular, we consider the development of a robust mathematical model for the acoustic spectrum of an unheated round jet flow using recent developments we have made in the low-frequency asymptotic analysis of the adjoint linearized Euler equations (ALEE).
The latter set of equations determine the so-called propagator tensor (often referred to as simply the 'propagator') which appears as a convolution product with a generalized stress tensor (that encapsulates all flow unsteadiness effects) in the acoustic spectrum of the generalized acoustic analogy [6] . The propagator tensor plays an important role in determining the correct low-frequency roll-off in the predicted acoustic spectrum at frequencies up to the peak noise.
Goldstein's [6] formulation provides the most comprehensive starting point for jet noise modelling under the set of approaches collectively referred to as acoustic analogies of the type first invented by Lighthill [7] . All acoustic analogy models begin by rearranging the Navier Stokes equations so that the left-hand side operator governs the wave propagation in some form in the same manner as the response of a linear system forced by a nonlinear source term on the right-hand side (representing the turbulence localized within the jet) does. Hence, while various acoustic analogy models may differ in the interpretation of what terms constitute the wave propagation and the mathematical definition of the 'sound source', physically, the turbulenceinduced pressure fluctuations (p ) are sustained (i.e. balanced) by the local transfer of momentum that occurs both randomly and chaotically in a region where the source term is non-zero and is a stationary random function of time. The basic approximation thus boils down to assuming that the statistical structure (viz. the auto-covariance) of the source term is a known function that can be modelled appropriately; for example, by using a computational and/or experimental database [8, 9] .
As opposed to previous acoustic analogies (e.g. Lilley 1974 [10] ), Goldstein's theory uses an ab initio decomposition of the fluid-mechanical variables into their base flow and residual (defined relative to the base flow) components. The generalized analogy uses nonlinear quantities as the dependent fluid-mechanical variables to define the wave propagation operator (equation (A.1) in [6] ) and, most importantly, to allow the source term on the right-hand side to be expressed in terms of the generalized Reynolds stress tensor, e λj , in a rather simple fashion (we define this term later). The use of nonlinear variables in this way does not pose any technical difficulty in determining the resulting sound field, however, because the nonlinear pressure variable (equation (2.16) in [6] ) reduces to the ordinary acoustic pressure in the far field where the fluid is at rest and p is governed by the homogeneous wave equation. Moreover, since the linearized Euler equations possess a linear differential operator acting upon the residual component, the exact solution for the pressure fluctuation, p , at the observation point (x, t), can be found by formally inverting that operator using Green's theorem (see 2.22 and App. A in [6] ) together with an adjoint vector Green's function, g a ν4 (y, τ |x, t), also defined later in §2. The pressure perturbation, p (x, t), is therefore given as a volume integral where the integrand is a product of a propagator tensor and a generalized stress tensor (that is linearly related to the fluctuating Reynolds stress, e ij , in isothermal conditions) whose auto-covariance, R ijkl , is assumed known (as required to form an analogy). When the base flow is taken as the steady jet mean flow, usually found via a Reynoldsaveraged Navier-Stokes (RANS) calculation or the steady mean field of a Large-Eddy Simulation, the Fourier transform of the propagator is time-independent and is a function of the mean flow field and a vector Green's function of the ALEE. This approach has proven to be successful for a number of test cases involving axisymmetric jets at a variety of acoustic Mach numbers and observation angles, θ ( [11] , hereafter referred to as G&L). It has also shed light on what impact jet mean flows have on the far-field radiated sound for both heated and unheated conditions [12, 13] . Any remaining issues then largely involve: (a) development of robust models for R ijkl and (b) determination of an appropriate solution to the adjoint vector Green's function and, therefore, the propagator tensor.
The present contribution focuses on the propagation aspect of the jet noise problem. We use the fact that non-parallel flow effects enter the lowest order asymptotic expansion of the propagator tensor when use is made of the low-frequency asymptotic theory developed by Goldstein, Sescu & Afsar [14] (hereafter referred to as GSA) that appeared to capture the qualitative structure of non-parallelism found in the full numerical solution of the ALEE [15] . That is, inclusion of mean flow spreading effects into the propagator solution can increase the low-frequency radiation by almost 10 decibels (dB) at θ = 30 • on a high subsonic jet compared with the equivalent parallel flow solution of the ALEE [8, 15] . GSA constructed an asymptotic solution to the adjoint vector Green's function to explain this finding by using a slowly diverging jet approximation in which the jet spread rate, , is asymptotically small, inasmuch as O(1) where the propagator is sought at low frequencies of the same order as the jet spread rate (i.e. ω ∼ ) and is then matched with the outer wave equation solution at O(1/ ) radial distances. Using this scaling, the dominant '1-2' propagator component that multiplies the '1-2' Reynolds stress in the acoustic spectrum formula (where (1, 2) refer to streamwise and transverse velocity fluctuations, respectively; see G & L and Afsar [16] ) is everywhere different from the parallel flow result in the jet (and not just in the critical layer as in G & L). The importance of this work is clear: low-frequency sound is the main component of the peak jet noise at small observation angles where the sound field is maximum; mathematical models of the latter are useful for noise control strategies that seek to reduce the maximum radiated sound without need for a long-time ALEE calculation to determine the adjoint vector Green's function.
While GSA illustrated how the qualitative structure of the '1-2' propagator component based on this scaling differs from the parallel flow solution, Afsar et al. [17] assessed its predictive capability using RANS mean flow solutions to calculate the appropriate component of the adjoint vector Green's function and the relevant propagator term. However, they did not compare their turbulence model with large-eddy simulation (LES) or experiment. Our aim here is to investigate the predictive capability of this asymptotic theory and, more broadly, to assess its limit of applicability in the parameter range of temporal frequency, acoustic Mach number and observation angle when the turbulence model is appropriately validated. For the high subsonic jet, our noise predictions then extend to Strouhal numbers (St) beyond the peak frequency, i.e. near St ∼ 0.6. We further extend this to more O(1) frequencies by using an approximate composite Green's function and propagator within the acoustic spectrum formula that gives much closer agreement over the entire frequency range for which acoustic data exist but necessarily introduces some empiricism into the model to estimate the transverse correlation length scale.
We study two axisymmetric jets with subsonic acoustic Mach numbers defined as Ma = U j /c ∞ , where U j is the jet exhaust velocity and c ∞ is the speed of sound at infinity. Under the Tanna matrix [18, 19] , these conditions are: SP07 (Ma = 0.9 and TR = 0.84) and SP03 (Ma = 0.5 and TR = 0.95), where TR is the jet static temperature ratio. The jet total temperature ratio is 1.0 in both cases. The paper begins by reviewing the GSA analysis using the simplified presentation of Afsar et al. [13] . The mean flow was obtained by the NASA WIND-US code [20, 21] and the acoustic predictions obtained are discussed in §3. 
Asymptotic analysis within the generalized acoustic analogy
We fix ideas by considering a turbulent jet flow of O(1) acoustic Mach number Ma = U J /c ∞ spreading downstream. We let the (dimensional) pressure p, density ρ, enthalpy h and speed of sound, c, satisfy the ideal gas law equation of state p = ρc 2 /γ , where h = c 2 /(γ − 1) and γ denotes the specific heat ratio. The acoustic spectrum at the observation point, x = (x 1 , x T ) = (x 1 , x 2 , x 3 ), is given by the Fourier transform
of the far-field pressure auto-covariance, p (x, t)p (x, t + τ ). The former is also given by a volume integral over a unit volume of turbulence at y = (y 1 , y T ) = (y 1 , y 2 , y 3 ) in the jet as
where V ∞ (y) is the entire source region, p (y, τ ) ≡ p(y, τ ) −p(y) and over-bars are being used to denote time averages defined by:
3) is a place holder for any fluid-mechanical variable. G & L showed that the integrand on the right side of (2.2) is given by the integral,
Asterisks denote complex conjugate and the Einstein summation convention is being used with the Greek tensor suffixes ranging from (λ, μ) = (1, 2, 3, 4) and the Latin suffixes from (i, j, k, l) = (1, 2, 3). The mean flow now enters through the Fourier-transformed propagator tensor
5)
that involves an inner tensor product in suffix σ , of operator Λ λσ ,j (y), that spans (4 × 4 × 3) dimensions corresponding to suffixes (λ, σ , j), where a comma after j indicates that this suffix belongs to a derivative, and the first four components of the Fourier transform
of the five-dimensional adjoint vector Green's function, g a 4 (y, τ |x, t), that appears on the lefthand sides of the five ALEE given by (4.8)-(4.10) of G&L subject to the strict causality condition g a 44 (y, t − τ |x) = 0 for t < τ when |x| → ∞. As frequently commented in previous papers [6, 22] , (2.4) and (2.5) are completely general and apply to any localized turbulent flow, even in the presence of fixed solid surfaces whose boundaries are given by level curves S(y) = const. as long as g a 4 (y, τ |x, t) is assumed to satisfy appropriate surface rigidity conditionsn i g a i4 (y, τ |x, t) = 0, wheren = {n 1 ,n 2 ,n 3 } denotes the unit normal to S(y).
In ( its solution through the ALEE given by:
where D 0 ≡ iω +ṽ(y).∇ is the convective derivative and ∇ ≡ {∂/∂y 1 , ∂/∂y 2 , ∂/∂y 3 } is the threedimensional gradient operator. Reciprocity (see pp. 878-886 of [23] ) of the space-time Green's function demands that g a σ 4 (y, τ |x, t) = g 4σ (x, t|y, τ ) and therefore (after taking temporal Fourier transforms of this latter relation) that the independent variable y in (2.7) corresponds to the actual physical source point and where, x, is the observation point, which is taken as a parameter in the solution and located in the far field, |x| → ∞. The coefficients in (2.7) depend on the mean flow field through v i = (ṽ 1 ,ṽ 2 ,ṽ 3 ); c 2 (y) ≡ γp/ρ, the mean flow speed of sound squared, and 
of the generalized auto-covariance tensor, 
is the ordinary fluid velocity perturbation when suffix, λ = i = (1, 2, 3), otherwise v λ = v 4 is proportional to enthalpy fluctuation (discussed further in Afsar et al. [13] ). GSA derived an asymptotic model for the Fourier-transformed propagator, Γ λ,j , for a slowly diverging jet flow at temporal frequencies of the order of the small jet spread rate, that is, ω = O( ). The lowest order inner equations in GSA's analysis [equations (5.18)-(5.20)] reduce to a single second-order hyperbolic partial differential equation (PDE) for a combined Green's function when the independent variables are transformed using the streamwise mean flow component, U, as one of the independent variables. However, in recent work, Afsar et al. [13] found that this transformation can easily be applied to the Fourier-transformed ALEE (2.7a)-(2.7c) at the outset, prior to any asymptotic analysis (in other words at ω = O(1) frequencies). The advantage of which is that when the latter is used, in the form of method of multiple scales and matched asymptotic expansions (in that order), the basic inner equation immediately follows. be expressed as a linear function of that basis by (G i e i )e j = G 1 δ j1 + G r δ jr + G φ δ jφ . The mean flow field commensurate with an axisymmetric jet, has components, v = (U, V r ), where (at this point) the jet spread rate is arbitrary at = O(1).
Following GSA, we take U to be one of the independent variables of choice; i.e. (y 1 , r) → (y 1 , U), where r ≡ |y T | = y 2 2 + y 2 3 . The co-ordinate surfaces U(y 1 , r) = const. and y 1 = const. are such that ∇U.∇y 1 = 0 at any fixed radial location r. Since the gradient operator shows that e 1 ≡ ∇y 1 and ∇U ≡ e 1 ∂U/∂y 1 + e r ∂U/∂r, the choice of independent variables implies that ∇U.∇y 1 = ∂U/∂y 1 = 0 in the transformed co-ordinate system. Using the fact that G(y 1 
the orthogonality condition and the chain rule in (y 1 , U) co-ordinates show that the mean flow advection vectorX i = (X 1 ,X r ) [in (2.7a)-(2.7c)] takes a more general form than that given by Eq. (5.15) in GSA. Moreover, operator D 0 acting on G(y 1 , r, φ|x; ω) in equation (2.7a) may be transformed to
where we have suppressed the remaining arguments in G i ,D 0 ≡ iω + U∂/∂y 1 (here, ∂/∂y 1 ≡ (∂/∂y 1 )| U ) andX is given by (2.8). Since ∂U/∂r = (∂r/∂U) −1 and the chain rule shows that ∂/∂U = (∂r/∂U)∂/∂r, the i = r component of (2.7a) is transformed to the following result
that generalizes (5.23) of GSA to jets for which = O(1). The last term on the right-hand side of Eq. (2.12) is discussed below and acts to couple the various components of the ALEE (2.7); it is one component of the vectorS i = {S 1 ,S r ,S 5 }.
Inserting the second member of (2.11) and (2.12) into (2.7c) shows that it can be transformed tõ D 0ν (y 1 , U) = c 2 D 0G4 +S 5 (y 1 , U) for the Green's function variable,ν =ν(y 1 , U) ≡ c 2G 4 +G 5 when c 2 = f (U) in which f can be an arbitrary function but will be specified shortly to eliminate any 'G 4 terms' appearing on the left-hand side of (2.13). To set about doing this, we first integrate (2.12) by parts to rewrite its right-hand side in terms ofν(y 1 , U) and insert the result, (2.11) and the relation above forD 0ν (y 1 , U) into the i = 1 component of (2.7a) to give:
Afsar et al. [13] show that the term in square brackets in equation (2.13) is identically zero when the jet is unheated and c 2 is assumed to satisfy the Crocco relation [inasmuch as c 2 
where c ∞ is the speed of sound at infinity] or heated and, therefore, satisfies the Crocco-Busemann relation. Hence, integrating by parts in (2.13) shows that the combined variable,ν(y 1 , U), is determined by the following PDE:
where S 1 (y 1 , U) = (∂V r /∂y 1 )G r (y 1 , U) andS 5 (y 1 , U) =X rGr +X 1Sr wherẽ
Equation (2.14) is simply a direct rearrangement of the Fourier-transformed ALEE, (2.7a)-(2.7c), where F (S) is defined explicitly in Afsar et al. [13] . Although it is valid for an arbitrary axisymmetric jet flow with mean flow components, v = (U, V r ), where the speed of sound is determined by Crocco relation in unheated flows that are of interest in this paper and in which G σ =G σ (y 1 , U, φ|x; ω) is the appropriate O(1) frequency adjoint vector Green's function solution (σ = 1, 2, . . . 5), it is just as complex as the original ALEEs in (2.7). This is because F (S) depends on the 'leftover terms',S i = {S 1 ,S r ,S 5 }, on the right-hand side of (2.14), which transform it to a mixed PDE that requires the solution of four coupled equations for (ν,G 4 ,G r ,G φ ) using thẽ D 0ν (y 1 , U) relation above (2.13), (2.14) and i = (r, φ) components of (2.7a) when (2.12) is substituted forG 1 . However, Afsar et al. [13] show that the right-hand side of (2.14) remains exactly at o(1) in the small jet spread rate limit ( O(1)) when the temporal frequency is appropriately rescaled. Therefore, F (S) is asymptotically subdominant in this limit. We summarize this next and show it leads to an asymptotic expansion of Γ λ,j that at its lowest order involves only a single term.
(ii) Elimination ofS(y 1 , U) in (2.14) at lowest order in That an axi-symmetric mean flow diverges with an asymptotically small spread rate, O(1), is consistent with experiments by Panchapakesan & Lumley [24] , which indicate (see p. 101ff. in [25] ) that is virtually constant with Reynolds number and nearly equal to 0.1 at unheated conditions. We therefore take the mean flow to vary over a slow streamwise length, Y ≡ y 1 = O(1), corresponding to long streamwise length scales y 1 , relative to an origin placed at the nozzle exit plane. Whence, it must expand according to (A.1) and
when c 2 is determined by the Crocco relation [below (2.13)]. We have not put superscripts on the lowest order mean flow components, which would otherwise appear as [U (0) , V
(1) r ] respectively; they will be taken as that computed by the RANS solution. Moreover at this order in :ρ(Y, U) = ρ(U) andp(Y, U) = const. and the mean flow advection vector, X i (y), that enters inS i = {S 1 ,S r ,S 5 }, similarly expands as
where the leading streamwise term,X
(1) where the solution to the ALEE, (2.7a)-(2.7c), for G(y|x; ω) becomes asymptotically disparate as → 0 and-like (2.17) and (2.18)-divides into an inner solution where r = O(1) and an outer solution valid at R ≡ r = O(1) distances from the jet axis. Similarly, at this limit the propagator, Γ λ,j (y|x; ω), is also everywhere different from the locally parallel flow result.
Rescaling the frequency ω = Ω and streamwise co-ordinate y 1 = Y/ in the operator D 0 in (2.11) shows that the latter operator acting onν(Y, U) is given by,
whereD 0 ≡ iΩ + U∂/∂Y. Equation (2.19) shows that D 0ν = O( ) whenν(Y, U) expands with an O(1) leading term, which it must since the solution toν(Y, U) in the outer region [see equation (5.40 ) and discussion at the bottom of p.220 of GSA] expands in this manner. Afsar et al. [13] note that F (S) will then expand at least as O ( 2 ) The final simplification to the analysis comes as a consequence of usingG φ = 0 in the i = φ component of (2.7a), which recovers the fact that the solution to (2.14) is independent of azimuthal angle φ. In other words, the Fourier transform ofν(Y, U, φ|X, Φ; Ω) in the difference, (Φ − φ), is given bŷ
where δ(•) is the Dirac delta function of argument (•). Using (2.6), the solution,ν(Y, U), is therefore given by the scaled Fourier transform [note the error in the pre-factor of equation (5.8) in GSA]:
that is now determined by (2.14) when F (S) = o(1) at arbitrary Ω = O(1) frequencies. Hence, setting the right-hand side in (2.14) equal to zero shows that the lowest order term in the expansion ν(y 1 , r) =ν(y 1 , r) +ν (1) (y 1 , r) + · · · is given by the solution to Van Dyke [27] rule) obtained from the zero mean flow solution to (2.22) whenX 1 = 0. That is,ν → −iΩc 2 ∞ e −iΩY cos θ/c ∞ andν U → −iΩc ∞ cos θ e −iΩY cos θ/c ∞ apply on the non-characteristic curve U = 0 where subscript denotes derivative and U → 0 corresponds to the outer limit, r → ∞. In these conditions, Y ≥ 0 (note the sign error in equations (5.45) and (5.48) in GSA) and where θ is the polar observation angle measured from the jet centreline. Equation (2.22) and the matching condition above show that the Green's functionν(Y, U; Ω) is independent of jet spread rate, , at lowest order when the streamwise independent variable is taken to be Y after the numerical solution to (2.22) is determined in (Y, U) co-ordinates at fixed scaled frequencies, Ω.
For unheated (or, slightly cold) jets, where the temperature fluctuation T ≈ 0, Afsar et al. [13] show that |e 4l |/(c ∞ |e il |) → 0 (see line below 2.10), so that the (λ = μ = 4) components in the auto-covariance tensor R λjμl (y, η; τ ) in (2.10) can be set equal to zero. Hence, reduction of the propagator from a (4 × 3) rank-2 tensor to a (3 × 3) one: Γ λ,j → Γ i,j in (2.4). But the propagator (2.5) depends onḠ σ (Y, r|x; Ω) and the mean flow (2.17), therefore its solution must also separate out into the same asymptotic regions as in § §2aii and depend on the scaled variable/parameter combination (Y, Ω) = O(1). The scaled propagator, defined in a similar manner to (2.21), is then Γ λ,j =Γ λ,j (Y, r|x; Ω). Taking the gradient operator, ∇ ≡ e 1 ∂/∂y 1 + e r ∂/∂r + e φ ∂/r∂φ of the lowestorder mean flow vectorṽ(y) in (2.17), we can easily show that the non-symmetric rank-two tensor, ∂ṽ λ /∂y j , in (2.5), whereṽ λ ≡ {ṽ i , 0} = {U, V r , 0, 0}, possesses the following expansion: ∂ṽ i /∂y j = (∂U/∂r)δ i1 δ jr + O( ) in the (Y, r, φ) cylindrical co-ordinates using ∂e r /∂φ = e φ & ∂e φ /∂φ = −e r . Inserting this and the lowest order scaled Green's function vector,Ḡ σ (Y, r|x; Ω) =Ḡ 1 δ σ 1 +Ḡ 4 δ σ 4 into (2.5) then shows that the latter possesses an asymptotic expansion, in (Y, r) co-ordinates at Ω = O(1) frequencies.Ḡ σ (Y, r|x; Ω) is found in (Y, U) co-ordinates using an equivalent re-scaling of the form (2.21). It is transformed back to (Y = y 1 , r) co-ordinates for integration over y in (2.2). More specifically, sinceS i = {S 1 ,S r ,S 5 } ≡ 0 at lowest order, the solution toν(Y, U) via (2.22) allowsḠ 4 to be determined using theD 0ν relation defined above (2.13).Ḡ 1 is then determined usingḠ 4 in (2.12) after replacingḠ 5 withḠ 4 andν (see also sentence below 2.22) where (2.12) andD 0ν are interpreted in terms of scaled Green's function variables using (2.21) and ∂Ḡ 1 /∂r = (∂U/∂r)∂Ḡ 1 /∂U by the chain rule.
(b) Low-frequency acoustic spectrum formula (i) The standard approximations
It is well known [22] that Γ * k,l (y + η|x; ω) can be approximated by taking advantage of the scale disparity between the mean flow and turbulence relative to the acoustic wavelength λ a in the correlation volume V(η) of integral (2.2) (but see [28] for an analysis of the effects of azimuthal non-compactness). In an asymptotic sense, the ALEE solution that enters Γ * k,l via (2.5) will only contribute to the integral over O(|η|) distances in (2.2) when the mean flow length scales that determine the coefficients (and, therefore, the solution structure) of (2.7) are of the same order as the turbulence correlation lengths in their respective directions. This is because the latter propagator tensor, evaluated at (y + η), multiplies R ijkl in integral (2.2) . At minimum, the critical variation in Γ * μ,l occurs at the normalized far-field wavenumber k ∞ 1, thus allowing Γ * μ,l to be represented by a Wentzel-Kramers-Brillioun-Jeffreys (WKBJ) approximation inasmuch as Γ * k,l (y + η|x; ω) ≈ Γ * k,l (y|x; ω)e ik.η . Inserting this into (2.4) therefore gives an algebraic formula for the acoustic spectrum:
where the spectral tensor
possesses two-pair symmetries: Φ * ijkl = Φ * jikl and Φ * ijkl = Φ * ijlk . The final approximation we use is to allow the turbulence to be axisymmetric such that the transverse correlation lengths are small compared with those in the streamwise flow direction [29, (figs 19b cf. 20b) ]. Afsar et al. [12] used these data to propose that R λjμl (y, η 1 , η ⊥ ; τ ) is an axisymmetric tensor where η ⊥ = |η ⊥ | and η ⊥ = (η 2 , η 3 ). The spectral equivalent of this (lemmas 3.1 and 3.2 in [30] ) requires that Φ * λjμl (y, k 1 , k 2 ⊥ ; ω) is axisymmetric with the streamwise direction k 1 being the principle direction of invariance. The physical space approximation is consistent with experiments by Morris & Zaman [31] who show in figure 15 that the transverse and azimuthal correlation lengths are virtually constant across the Strouhal number range, St = (0.01 − 1.0) for an isothermal axisymmetric jet. Hence inserting (C.4) in Afsar et al. [12] for the axisymmetric representation of Φ ijkl then shows that the low-frequency acoustic spectrum (2.24) can be approximated by one independent component of Φ λjμl as follows: (2.25) . Our main focus in this paper is on the effect of non-parallelism on the propagator (2.5), and we therefore use a previously successful model for Φ * 1212 (y, k 1 , k 2 T , ω), which is a modification of Eq.(54) in Leib & Goldstein [16] . Hence, we allow R 1212 (y, η 1 , η T , τ ) to be represented by the following functional form (see also [17] )
where the amplitude R 1212 (y, 0, 0) is a function of y and is assumed to be proportional to the square of the local density-weighted turbulence kinetic energy (see below). The leading term (a 0 ) in square brackets in (2.28) gives a cusp for the auto-correlation of R 1212 (y, 0, τ ) as τ → 0 and the derivative terms (with coefficients, a 1 , a 2 ), allows for anti (i.e. negative)correlations with increasing τ and streamwise separation, η 1 , respectively. Leib & Goldstein [16] show that the separation function of the type X(η 1 , η T , τ ) = η 2
T was found to best match Harper-Bourne's [32] turbulence data [η i = η i /l i , no sum on l i = (l 1 , l 2 , l 3 )]. The length scales l i in this formula are taken to be proportional to the local turbulent kinetic energy, k(y), and the rate of energy dissipation,˜ (y), determined via a RANS calculation; viz., l i = c i (k 3/2 /˜ )(y) where, suffix i = (0, 1, 2, 3), and, c i , are now parameters that we can find by either comparing against experiment and/or LES data (see, for example, figure 6c ).
Substituting (2.28) into (2.25) and performing an integration over V ∞ (η), Afsar et al. [17] show, among other things, that the sound predictions when Φ * 1212 (y, k 1 , k T ; ω) is inserted into (2.26) are more-or-less identical to those obtained by allowing k T = 0 (the radially compact correlation length approximation) with an error of 0.25 dB at 0.01 < St < 1.0. We quote their final algebraic formula for Φ * 1212 :
where we have put l 2 = l 3 = l ⊥ (which requires that c 2 = c 3 = c ⊥ in the length scale formula above) and a 0 = 1 so that R 1212 (y, 0, 0, 0)/R 1212 (0, 0, 0) = 1.ω = ωl 0 /U c is the non-dimensional frequency in (2.29) and χ (k 1 ,ω) =k 2 1 +ω 2 + 1 = (k 1 − (l 1 /l 0 )ω) 2 +ω 2 + 1. Equation (2.29) now depends on six independent parameters: (c 0 , c 1 ); transverse length scale, c ⊥ and anti-correlation parameters: (a 1 , a 2 ) and the amplitude constant a 1212 when we take R 1212 (y, 0; 0) = a 1212ρ 2 (y)k 2 (y), whereρ(y)k(y) is the density-weighted RANS turbulent kinetic energy (TKE). The amplitude pre-factor, a 1212 , is usually approximated by its (maximum) value on the shear layer location r = 0.5 at the end of the potential core ( fig. 4a in Semiletov & Karabasov [33] ) but it could be measured in an experiment if the cross-stream unsteady velocities can be measured or extracted via an LES calculation. Using the data in fig. 4 of Karabasov et al. [8] , we take a 1212 = 0.25 and U c = 0.68 for all predictions in this paper. 
Analysis of (2.26) and discussion of jet noise predictions
We analyse two axisymmetric jets in the Bridges [18] dataset at set points and flow conditions indicated in §1. The cases were chosen to highlight the effect of mean flow non-parallelism on the low-frequency amplification of sound compared with predictions based on a locally parallel flow solution to the propagatorΓ λ,j (Y, U) in (2.26). For example, at the lower Mach number SP03 jet (Ma = 0.5), the amplification in sound due to mean flow spreading is smaller than at SP07 (Ma = 0.9) (see fig. 5 .2a in Afsar et al. [17] ), which therefore results in a more broadband 30 • acoustic spectrum for SP03. The mean flow field for the Green's function calculation in Γ λ,j (y 1 , r) via (2.27) is found from a steady RANS calculation using the WIND-US code that was used in the Leib & Goldstein [22] predictions. (The WIND-US code was also validated against FLUENT solutions in Afsar et al. [13] for two supersonic acoustic Mach number jets at conditions described in Bridges [18] ). Comparing figure 1a,b with c,d, respectively, shows that there is a reduction in jet potential core for SP03 compared with SP07 measuring about 20%. That is, as indicated in figure 1 , the initial normalized streamwise location y 1 for the end of the potential core is y 1 ≈ 7.5 for SP07 and ≈ 6 for SP03. The greater spatial localization with reduced Ma is also apparent in the spatial distributions ofX 1 , which is the pre-factor that governs the effect of non-parallelism in the solution toν in (2.22) . Indeed, the streamwise location for the point of merger between the upper shear layer and the potential core in figure 1b,d (corresponding to the locus of maximum |X 1 |) is reduced by more-or-less the same factor as the U(y 1 , r) contours in figure 1a,c are with their respective reduction in Ma.
In figure 2 , we compare the Crocco relation (defined below (2.13)) to the RANS-based c 2 for SP07 and SP03. The square brackets in the transformation of the ALEE in (2.13) vanish when c 2 is defined in this way. The 'worst' results are presented in figure 2 . We show here that for both SP07 and SP03, there is a maximum error of only 3% at the distant streamwise location of y 1 = 10 in figure 2a,b from the nozzle exit, which is already far downstream from the end of the potential core for both jets and especially so for SP03 (cf. figure 1a,c, respectively) . At all other jet locations, i.e. 2 ≤ y 1 ≤ 14, the difference in using Crocco's relation for c 2 /c 2 ∞ is less than 1% compared with that obtained from the RANS calculation.
Since the components of the RANS mean velocity (U,V r ) are in a discrete form over a Cartesian mesh, the mapping between the (Y, r) and (Y, U) domains can no longer be done analytically as it was in GSA. Instead, the mapping is done numerically taking advantage of the monotone [13] . These results indicate thatν(Y, U) remains reasonably well converged when the above procedure is implemented numerically. For example, for a grid of dimension 450 × 300 (144 000 points), there is only a very slight deviation appearing near the inner (jet) boundary, U → 1 compared with one with 220 000 points. Afsar et al. [13] estimate this error to be less than 2%. Figure 3 shows contours of Φ * 1212 (y, k 1 , 0; ω) computed via (2.29) . The radius-weighted acoustic spectrum, rI(x, y; ω), is found when this latter spectral model and the propagator component (2.27) (determined via numerical solution to 2.22) is inserted into (2.26) . The frequency and farfield location in figure 3b,c,e,f correspond to the nominal peak noise location for SP07, namely (St, θ ) = (0.2, 30 • ). The contours indicate that the normalized turbulent kinetic energy k(y) and Φ * 1212 are an order of magnitude greater for SP07, which increases rI(x, y; ω) by almost three orders of magnitude compared with SP03. The large increase in rI(x, y; ω) for SP07 relative to SP03 can be explained by the amplification of |Ḡ 12 |, which at least for a parallel flow [inserting (7.2) in GSA into (2.27) ] is proportional to |∂U/∂r| and is therefore more intense along the shear layer, r ∼ 0.5, for SP07.
Spatial distributions of the momentum flux propagator |dḠ 1 /dr| are shown in figure 4 . This term forms the most intense part of |Ḡ 12 | at small θ. For SP07, |dḠ 1 /dr| in non-parallel flow peaks at almost the same location as rI(x, y; ω) in figure 3c. The downstream peak in |dḠ 1 /dr| is weaker for SP03 compared with SP07 (figure 4a,c). It is interesting to note that the parallel flow computation of |dḠ 1 /dr| essentially has a single localized peak point at the nozzle lip for SP07; whereas for SP03, the contour lines |dḠ 1 /dr| in parallel flow extend out across the outer edge of the jet shear layer (cf. in figure 4b-d figure 4d is to ensure that the predicted sound using the parallel flow-based Green's function in (2.26 ) is similar to that using the non-parallel flow solution at the lower Ma of SP03.
Since the asymptotic scaling, ω = O( ), is expected to capture the dominant effects of nonparallelism in the lowest order propagator solution,Γ i,j (Y, r|x; Ω) (2.23), at small observation angles (typically for θ = 30 • ), we therefore consider predictions in the range of θ = (25 • , 30 • , 35 • ) to assess the limit of its applicability. Acoustic spectrum predictions are computed relative to the reference pressure after integrating (2.26) over a differential source volume, dV ∞ (y), and inserting this into the formula in the caption to figure 5. The results in figure 5 show that for the SP07 jet, predictions at the peak noise location of θ = 30 • remain quite accurate up to St ≈ 0.6. At an angle of θ = 25 • , there is ≈ 5 dB increase in the predicted power spectral density relative to the acoustic data (see figure 5a ). While away from the peak noise direction, at the angle θ = 35 • , figure 5c shows that the predicted spectrum remains accurate within (1-2) dB of the acoustic data up to the peak frequency (now at St ≈ 0.4) and thereafter rapidly decays.
The parameters (c 1 /c 0 , c ⊥ , a 1 , a 2 ) were kept fixed for all cases and were chosen so that (η 1 − τ ) variation of R 1212 (y, η 1 , 0, τ ) agreed with LES data of the SP07 jet at the end of the potential core (usually the region of maximum k(y 1 , r); see figure 6c ). Once a 1212 has been found in (2.29), via the LES data reported in Karabasov et al. [8] for this case, the only element of empiricism, or handtuning, in our model is the estimation of c ⊥ . (Note that parameters (c 1 /c 0 , a 1 , a 2 ) were found by comparison of (2.28) to figure 2a in Semiletov & Karabasov [33] . This comparison requires c 1 or c 0 to be set once the ratio c 1 /c 0 is fixed). The latter parameter, c ⊥ , enters (2.29) as pre-factor (since l ⊥ ∝ c ⊥ ) and therefore governs the absolute level of the acoustic predictions by affecting . Further evidence for this scale reduction in the transverse direction of a higher-order correlation function was given by Harper-Bourne [32] . Comparing figures 7b and 8b in his paper shows that the ratio of correlation lengths in the streamwise (L 1 ) to transverse directions (L 2 ) was L 1 /L 2 ≈ 7.3 in the correlation of v 2 1 for the low Mach number axisymmetric jet he considered. While the correlation of v 2 1 (the equivalent of R 1111 in our notation) is not the same as R 1212 , it is expected to have similar space-time decay when appropriately normalized, as Semiletov & Karabasov's [33] work showed. Hence we can expect Harper-Bourne's results for the scale reduction in the transverse direction to give at least a ball-park figure for c 1 /c ⊥ . The ratio of c 1 to c ⊥ that we used in the predictions for SP07 in figure 5a-c is quite similar, at c 1 /c ⊥ = 7.5.
As θ increases, the overall level of the predictions lies below the acoustic data for higher frequencies at θ = 35 • , for example. This behaviour continues for larger angles than 45 • (not shown here), but even in these higher θ cases, the spectral shape of the prediction up to the peak frequency is more-or-less parallel to the acoustic data. In other words, the low-frequency rolloff is well predicted albeit positioned lower than the acoustic data. Hence, an increase in c ⊥ to bring the predictions in line with the data would achieve very good accuracy, even up to θ = 45 • . But this would be at the expense of physical consistency of the model for R 1212 (y, η 1 , |η ⊥ |, τ ), since it would require that c ⊥ ∼ c 1 , which is contrary to the structure of axisymmetric turbulence observed in experiments and LES [8,29,31] discussed above. The property that the low-frequency noise amplification due to non-parallel flow effects is dominant (or, O(1)) at small θ only was found by Karabasov et al. [8] , who showed that at θ ≥ 60 • acoustic predictions using the full numerical solution of the ALEE (2.7) are basically identical to those obtained when the locally parallel mean flow approximation,ṽ i = δ i1 U(r), of the ALEE are solved and inserted into the propagator (2.5) (see their fig. 16 ). Ourν(Y, u) solution naturally recovers Karabasov's result as θ → 90 • sinceν(Y, U) →ν p (Y, U) = const. at this angle and inasmuch as |ν p (Y, U; θ = 90 • )| |ν(Y, U; θ = 30 • )|, whereν p (Y, U) is the locally parallel solution to (2.22) and is given by (7.1) in GSA. It is easy to prove this because a non-parallel flow solution of the formν † (Y, U) will always be zero when the decompositionν =ν p +ν † is inserted into (2.22) and the limit θ → 90 • is taken. The locally parallel flow solutionν p satisfies ∂(D 0ν p / c 2 )/∂U = 0 by definition; thenν † → 0 since the latter, determined by (2.22) , is subject to the reduced outer boundary conditionsν † (Y, 0) → const. andν † U (Y, 0) → 0 when θ → 90 • . In other words, the only compatible inner solution that can match onto the outer parallel flow solution as U → 0 and θ → 90 • , is a constant. Our numerical simulations confirm this.
We, initially, kept the turbulence scales (c 1 /c 0 , c ⊥ , a 1 , a 2 ) in (2.29) fixed at the same values as that for SP07 for the SP03 predictions (see the caption of figure 5 ). That, however, resulted in a (3-5) dB over-prediction of the 30 • spectrum in the low-frequency region, 0.01 < St < 0.15, where we expected the theory to be accurate. This was remedied by an increase in the anti-correlation parameters (a 1 , a 2 ) to (0.9, 0.4) in (2.28) and (2.29) from the values of (a 1 , a 2 ) = (0.35, 0.01). To reiterate, the latter set of scales were used for SP07 and agreed with Semiletov & Karabasov turbulence data for the same jet (see our figure 6c ). In figure 5d -f we show the SP03 predictions at θ = (25 • , 30 • , 35 • ) using SP07 turbulence scales in addition to those obtained by via (a 1 , a 2 ) = (0.9, 0.4). The (c 0 , c 1 ) parameters in (2.29) for the SP03 jet were nonetheless kept fixed to what we found for SP07. While there is a measure of agreement at St ≤ 0.3 and θ = 30 • between our prediction and the acoustic data for SP03 when (a 1 , a 2 ) = (0.9, 0.4), this results in an anti-correlation region of amplitude ∼ 0.1 in R 1212 (figure 6c). We note here also, that in the results shown in figure 5 , the calculations were run at a fixed jet spread rate, = 0.09, although in reality, the lower-Ma SP03 jet will spread at a faster rate than the SP07 one (cf. figure 1a,c) , perhaps contributing to the need for modified source parameters to obtain a better fit in the former case.
There are two additional possible explanations for why the predictions in the SP03 case are not as close to the data as they are for SP07 when the same turbulence parameters are used to model R 1212 (y, η 1 , |η ⊥ |, τ ) in (2.28). First, it could be that the turbulence structure for SP03 is dissimilar to SP07. 
